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Uncertainty principle is one of the central concepts in quantum theory. Different forms of this
particular principle have been discoursed in various foundational and information theoretic topics.
In the discrete input-output scenario the limited nonlocal behavior of quantum theory has been
explained by fine grained uncertainty relation. On the other hand, in continuous variable paradigm
Robertson-Schrödinger (RS) uncertainty relation has been used to detect multi-mode entanglement.
Here we show that RS uncertainty relation plays an important role to discriminate between quantum
and post-quantum nonlocal correlations in multi-mode continuous outcome scenario. We provide
a class of m-mode post-quantum nonlocal correlations with continuous outcome spectrum. While
nonlocality of the introduced class of correlations is established through Calvalcanti-Foster-Reid-
Drummond (CFRD) class of Bell inequalities, RS uncertainty relation detects their post-quantum
nature. Our result is a hint towards a wider role of uncertainty principle in the study of nonlocality
in continuous variable multi-mode systems.
I. INTRODUCTION
Nonlocality is one of the most bizarre features of mul-
tipartite quantum systems established for the very first
time in the seminal paper by J. S. Bell [1]. Local outcomes
of spatially separated quantum systems prepared in en-
tangled states can produce correlations that can not have
any local realistic description – manifesting the nonlocal
phenomena. Such nonlocal behavior can be witnessed
by violation of some local realistic inequality known
as Bell type inequality– Clauser-Horne-Shimony-Holt
(CHSH) inequality is one such celebrated example [2].
CHSH inequality considers the simplest 2− 2− 2 scen-
ario that involves two spatially separated parties, each
performing two local measurements, each measurement
having two outcomes. While the local bound of CHSH
expression is 2, the maximum achievable value of this
expression in quantum theory (QT) is 2
√
2, known as
Cirel’son bound [3]. However, nonlocality is not a salient
feature of QT alone. In 1994, Popescu and Rohrlich de-
signed a correlation, famously known as PR correlation,
which satisfies the relativistic causality or more broadly
no-signaling (NS) principle but at the same time depicts
stronger nonlocal behavior as it achieves the algebraic
maximum of the CHSH expression [4]. This observation
commences a very important question: whether there
exists some other fundamental principle(s) (different
from no-signaling) limiting the nonlocal strength of QT.
In the last few years several information theoretic as
well as physical principles, viz. Non-trivial Communica-
tion Complexity [5], Information Causality [6], Macro-
scopic Locality [7], Local Orthogonality [8] have been
proposed that successfully explain the limited CHSH vi-
olation of QT. These principles also identify a part of the
boundary between the set of quantum correlations and
the post-quantum NS correlations [9, 10]. Furthermore,
applicability of theses principles have also been proved
useful in more general m− n− k scenarios. In a different
approach, it has been shown that the limited CHSH non-
locality of QT can be connected to other fundamental
features of the theory: Heisenberg’s uncertainty prin-
ciple [11, 12], Bohr’s complementarity principle [13, 14]
and preparation contextuality [15]. These connections
not only holds true in QT but are also plausible in a
larger class of theories.
A great deal of research has been done on quantum
and post-quantum nonlocal correlations in discrete
input-output scenario [16–19]. In the quantum domain
these studies mainly consider finite-input finite-output
correlations arising from finite dimensional quantum
systems. Although nonlocal correlations have been stud-
ied for infinite dimensional continuous variable (CV)
systems [20–25], those results are fundamentally not
different from the finite input-output scenario as dis-
crete binning of continuous outcomes has been con-
sidered there. A notable exception, in this regard, is the
CV Bell inequalities introduced by Calvalcanti-Foster-
Reid-Drummond (CFRD) [26]. There the authors de-
rived a class of nonlinear Bell inequalities that apply
for continuous outcome spectrum without any need of
discrete binning of the outcomes. A natural question
of interest in this context will be the notion of post-
quantum nonlocal correlations. Very recently, Ketterer
et al. have developed a formalism to address this ques-
tion for generic NS black-box measurement devices with
continuous outputs and they have also provided a class
of post-quantum nonlocal correlations when only two
sites/modes are involved [27].
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2A relevant question in the continuous outcome scen-
ario is: how to certify post-quantum nonlocality of a
given correlation? The authors in Ref.[27] have used the
fact that for two-mode scenario there is no quantum vi-
olation of the CFRD inequality [28], i.e., CFRD violation
at the same time works as nonlocal witness as well as
post-quantumness witness. However, this a very specific
feature of two-mode case that does not hold for higher
number of modes in general [29]. On the other hand,
the principle based methods [6–8] that have been proved
to be eminent for studying post-quantum correlations
in the discrete outcomes scenario are yet to be gener-
alized for continuous outcome spectrum. Developing
a systematic approach to study post-quantum nonlocal
correlations for continuous outcome scenario in multi-
mode cases is thus quite important. Interestingly we
find that Robertson-Schrödinger (RS) uncertainty rela-
tion has a role to play in this regard. We construct a class
of continuous outcome post-quantum nonlocal correla-
tions for generic m-mode scenario. While the nonlocality
of the proposed class of correlations is certified through
violation of CFRD inequalities, post-quantum nature is
guaranteed by violation of RS uncertainty relation.
Rest of the paper is organized as follows. In Section II,
we briefly revise the framework introduced in [27] for
CV outcomes. In Sections III and IV, we review CV Bell’s
inequalities and Robertson-Schrödinger uncertainty re-
lation, respectively. Our main results are presented in
Section V and finally, we draw our conclusions in Sec-
tion VI. Some details of the calculations are given in
Appendices.
II. THE FRAMEWORK
Standard m− n− k Bell scenario considers m space-
like separated observers/sites denoted as Ai, with i ∈
{1, ..., m}. Each observer performs n different measure-
ment Xi, with Xi ∈ {0, ..., n− 1}; and each measurement
having k distinct outcomes Ai, with Ai ∈ {0, ..., k− 1}.
Here, likewise in [27], we consider that the outcomes are
continuum, i.e., Ai ∈ R. While considering continuous
outcomes it is convenient to adopt the language of prob-
ability measures. Basic primitive of a probability space
consists of three elements: (i) a sample space (Ω), (ii) the
Borel σ-algebra (B(Ω)) of events on Ω, and (iii) a valid
Borel probability measure ξ : B(Ω)→ [0, 1]. In our case,
the sample space would be Ω = Ω1 ×Ω2 × · · · ×Ωm,
with Ωi = R being the outcome space of ith site. The
probability measure satisfies the normalization condi-
tion: ξ(R×R · · · ×R) = 1, and also satisfies the ad-
ditivity property: ξ(∪iωi) = ∑i ξ(ωi), for all countable
sequences {ωi}i of disjoint events ωi ∈ B(Ω). The rela-
tion between a probability measure ξ and a probability
density p is given by,
ξ(A1 × · · · × Am) :=
∫
A1×···×Am
dξ(a′1, · · · , a′m)
=
∫
A1
· · ·
∫
Am
p(a′1, · · · , a′m)da′1 · · · da′m. (1)
Here A1 × · · · × Am ∈ B(Ω), Ai ∈ B(R), p(a′1, · · · , a′m)
denotes the corresponding probability density to ξ. We
will denote the set of all probability measures on B(Ω)
asMRm .
From now on we consider that one of two possible
local measurements will be performed on each site, i.e.,
Xi ∈ {0, 1}, ∀ i. In such a scenario, an m-mode Bell
behavior is defined as the collection of joint conditional
probability measures {ξA1···AmX1···Xm | X1, · · · , Xm = 0, 1},
where each ξA1···AmX1···Xm ∈ MRm . Whenever there is no
confusion we will avoid the mode index denoted as su-
perscript. Collection of all m-mode Bell behavior will
be denoted asM2mRm . Consider any arbitrary grouping
of m modes into two disjoint (nonempty) sets K, Kc
with K ∪ Kc = {A1, · · · ,Am}. NS condition puts the
restrictions that measurement choice of one set does not
determine the outcome probability of other set for any
of the above groupings. In measure theoretic language
these conditions read as:
ξ{Xi}i∈K∪{Xj}j∈Kc
(
∏
i∈K
Ai × ∏
j∈Kc
Rj
)
= ξ{Xi}i∈K∪{Xj⊕1}j∈Kc
(
∏
i∈K
Ai × ∏
j∈Kc
Rj
)
, (2)
for all Ai ∈ B(R), where ⊕ denotes modulo two
sum. The set of all no-signaling correlations MNS
is naturally a strict subset of M2mRm . A behavior
will be called quantum iff it can be obtained accord-
ing to Born probability rule, i.e.: ξX1···Xm(A1 × · · · ×
Am) = Tr
[⊗mi=1MXi (Ai)ρA1···Am] , ∀ Ai ∈ B(R); where
ρA1···Am is a density operator acting on some tensor
product Hilbert space ⊗mi=1Hi, with Hi being the ith
site’s Hilbert space (in this case infinite dimensional);
and MXi (Ai) : B(R) 7→ L+(Hi) are the positive oper-
ator valued measures on Hi. A behavior {ξX1···Xm}Xi=0,1
will be called post-quantum if {ξX1···Xm}Xi=0,1 ∈ MNS
but {ξX1···Xm}Xi=0,1 /∈ MQ, the set of quantum be-
haviors. Local-realistic correlations are those where
the outputs are locally generated from local inputs
and some pre-established classical correlations encoded
in some shared variable λ ∈ Λ. Such behaviors
are of the form ξX1···Xm =
∫
Λ δa1(X1,λ),··· ,am(Xm ,λ) dη(λ),
where η : B(Λ) → R≥0 is a probability measure and
δa1(x1,λ),··· ,am(Xm ,λ) is the CV version of the λ-th local
deterministic response function: δa1,··· ,am(A1 × · · · ×
Am) := 1 if ai ∈ Ai and 0, otherwise. Set of all local
3behaviors ML is a strict subset of MQ and behaviors
not belonging toML manifest nonlocal feature.
III. CONTINUOUS VARIABLE BELL’S INEQUALITIES
Initial study of Bell test for CV systems was based
upon coarse graining of the continuous outcome spec-
trum into discrete domains [23–25, 30]. One of the main
motivations of studying CV Bell scenario is to achieve
better detection efficiency as the Homodyne detection
method is a highly efficient detection technique [30–32].
Another way to increase the detection efficiency is to
use the idea of continuous realizations of outcomes in-
stead of discrete ones. The idea was initially motivated
by the CV version of EPR paradox [33]. In Ref.[26]
Cavalcanti, Foster, Reid and Drummond (CFRD) de-
rived a class of local realistic inequalities without any
assumption on the number of measurement outcomes
and therefore their inequalities are directly applicable
to CV systems with no need of discrete binning of the
outcomes. In a multi-site setting each equipped with
multiple causally separated apparatus, they considered
any real, complex, or vector function F(X1,X2, · · · ) of
local observables. All such functions, in a local hidden
variable (LHV) theory, are functions of hidden variables
λ ∈ Λ. The average over the LHV ensemble P(λ) is
given by, 〈F〉 = ∫Λ P(λ)F(X1,X2, · · · )dλ. Using the fact
that any function of random variables has non-negative
variance, the class of CRFD local realistic inequalities
read as: |〈F〉|2 ≤ 〈|F|2〉. For the two-site scenario it
was first shown that it is impossible to violate the CFRD
inequality with quantum phase-space quadrature oper-
ators [28]. Consequently this result has been generalized
for arbitrary quantum measurements [22]. However it is
possible to obtain violation of CFRD inequalities in QT
with higher number of modes, in particular, explicit vi-
olation has been shown for multipartite GHZ like states
[29]. We will use this particular class of inequalities
to establish nonlocal feature of a continuous outcome
correlation. Before arriving at our result, let us digress
to Robertson-Schrödinger (RS) uncertainty relation a bit
which plays a crucial role for our purpose.
IV. ROBERTSON-SCHRÖDINGER UNCERTAINTY
RELATION
A proper mathematical formulation of Heisenberg’s
preparation uncertainty relation was first introduced
by Kennard [34]. Schrödinger re-derived this idea for
two observables correlations in a more refined way [35]
which was further extended for more than two observ-
ables by Robertson [36]. For m-mode quantum state
ρA1···Am , the non-commutativity of the canonical op-
erators and the positive semi-definiteness of the state
leads to the famous restriction – the RS uncertainty re-
lation: V + ιΩ ≥ 0 [37], where V is a 2m × 2m real
symmetric matrix, namely, the covariance matrix (CM)
and Ω is the symplectic form and ι =
√−1. CM is
calculated from the second moments of position (qˆi)
and momentum ( pˆi) operators which we denote as ele-
ments of a vector αˆ = (qˆ1, pˆ1, · · · qˆm, pˆm)ᵀ. Then we
have, Vij := 12
〈{
∆αˆi,∆αˆj
}〉
ρ
, where ∆αˆi := αˆi − 〈αˆi〉,
{., .} denotes anti-commutator and Ω is defined as
2ιΩij = [αˆi, αˆj]. Whether any given real symmetric
matrix corresponds to a bona fide quantum CM can be
verified by RS uncertainty relation. This criterion is
necessary and sufficient for Gaussian states while for
more general non-Gaussian states it is only a necessary
criterion.
V. ROBERTSON SCHRÖDINGER UNCERTAINTY
RELATION AS WITNESS OF POST-QUANTUMNESS
Equipped with all the required tools, we now intro-
duce continuous outcome post-quantum nonlocal correl-
ations for m-mode scenario. First we give an example in
Figure 1. (Color online) The region bounded by blue curve
denotes the ranges of (l, σ) for which 3-mode CFRD inequality
(5) is violated. The region bounded by inner half-circle denotes
the ranges of (l, σ) of (3) which violates RS uncertainty relation
with the product choice of distribution (c = 0). The region
bounded by green half-circle represents RS violation for non-
product choice of distribution (here we have considered c = 1).
The overlapping region of blue curve & inner half-circle and
blue curve & green curves indicate 3-mode post-quantum
nonlocal correlations, respectively. Clearly, c = 0 corresponds
to the minimum region violating the RS relation.
43-mode case. Consider the following Bell behavior:
ξA1A2A3111 =
1
4
[
N(l,l,−l),σ +N(l,−l,l),σ
+ N(−l,l,l),σ +N(−l,−l,−l),σ)
]
, (3a)
ξA1A2A3rest =
1
4
[
N(l,l,l),σ +N(l,−l,−l),σ
+ N(−l,l,−l),σ +N(−l,−l,l),σ
]
, (3b)
where, rest ∈ {0, 1}3 \ {111}, with 0 and 1 denot-
ing position and momentum measurements respect-
ively. Na,σ is the normal (Gaussian) probability measure
defined through (1) with probability density centered
around a := (a1, a2, a3) with width σ, i.e., pa,σ(a′) =
1/(σ
√
2pi)3 exp
[
−∑3i=1(ai − a′i)2/(2σ2)
]
. It is straight-
forward to show that the above behavior is indeed a NS
behavior. CFRD inequality for three modes is defined as
[26],
〈
X˜3
〉2
+
〈
Y˜3
〉2 ≤ 〈 3∏
k=1
((
Xk0
)2
+
(
Xk1
)2)〉
(4)
where, X˜3 and Y˜3 are obtained from X˜3 + ιY˜3 =
∏3k=1(X
k
0 + ιX
k
1). For the correlation (3), the CFRD ex-
pression (4) turns out to be,
5l6 ≤ 2
(
l2 + σ2
)3
. (5)
For suitable choices of (l, σ), correlation (3) can violate
inequality-(5), as shown in Fig.1, and hence establishes
nonlocality of those correlations. Naturally the question
arises whether such nonlocal correlations are quantum
realizable or whether they are post-quantum in nature.
One way is to find the 2-mode marginal correlations and
check whether the 2-mode marginals violate the 2-mode
CFRD inequality. But in this case, the 2-mode margin-
als being a local correlations satisfy the corresponding
CFRD inequality [38].
So, at this point we utilize the RS uncertainty relation
which puts necessary conditions on a distribution to be
quantum realizable: if the RS uncertainty relation is vi-
olated then the given distribution can not be a quantum
realizable one. To calculate the CM from (3), we re-
quire and can readily get the single-mode marginals
ξ
Ai
Xi
as well as the 2-mode marginals ξ
AiAj
XiXj
by integrat-
ing out the other mode(s). But calculation of CM also
requires single-mode position-momentum joint distribu-
tion ξAi
(Xi=0,Xi=1). Note that, given marginal probability
distributions ξAiXi=0 and ξ
Ai
Xi=1 the choice of joint distri-
bution ξAi
(Xi=0,Xi=1) is not unique. With (trivial) product
choice of distribution ξAi
(Xi=0,Xi=1) = ξ
Ai
Xi=0 × ξ
Ai
Xi=1 we
have 〈qˆi pˆi〉 = 0, which in turn gives that the RS uncer-
tainty relation will be violated if l2 + σ2 < 1 [38], i.e.,
describing a half-circle region on l − σ plane [see Fig.1].
In Fig.1 the overlapping region of blue curve and the
inner half-circle violates both the CFRD inequality and
the RS relation (calculated with product choice of distri-
bution) and hence establishes post-quantum nonlocality
of those correlations. At this point one can ask the
question whether the values of (l, σ) lying outside the
inner circle but withing the blue region denote quantum
realizable probability distribution. However it is not
straight forward to answer this question. First of all, if
we calculate CM with some non product distribution
ξ
Ai
(Xi=0,Xi=1) 6= ξ
Ai
Xi=0 × ξ
Ai
Xi=1 we have 〈qˆi pˆi〉 = c, with c
being a real number (c = 0 corresponding to the product
choice), and consequently RS uncertainty relation will
be violated if l2 + σ2 <
√
1+ c2. Therefore the area of
post-quantum region increases, as shown in Fig.1 by
green half-circle (for c = 1). Even if one can specify the
value of c, it will not be possible in general to guarantee
quantumness of the correlations outside the green half-
circle region as RS relation is a sufficient criterion for
bona-fide CM only for Gaussian distribution. However,
this calculation asserts the existence of post-quantum
nonlocal correlations independent of the fact whether
we take product or non-product form of joint position-
momentum distribution for single modes.
We now generalize the above 3-mode example to m
number of modes. Consider a vector Pi ∈ Rm with first
i number of elements being −l and following (m − i)
number of elements being +l. Denote by Pi the set of
all vectors obtained from Pi by permuting its elements.
Figure 2. (Color online) For different number of modes (m =
3, 4, 5, 6, 12, 19) the corresponding CFRD inequalities violation
has been depicted by different shades of Blue regions. The half
circular regions denote RS uncertainty violation as in Fig.1. For
any arbitrary m we do not get violation of CFRD inequalities
(eg. m = 7, 8, 9).
5Consider now, an m-mode Bell behavior defined as,
ξA0A1···Am11···1 =
1
2m−1 ∑i∈No
i≤m
∑
Pi∈Pi
NPi ,σ , (6a)
ξA0A1···Amrest = 12m−1 ∑i∈Ne
i≤m
∑
Pi∈Pi
NPi ,σ . (6b)
Here, No (Ne) denotes the set of odd (even) integers,
and Na,σ is the normal (Gaussian) probability measure
defined through (1) with probability density centered
around a ≡ (a1, · · · , am) with widths σ, i.e., pa,σ(a′) =
1/(σ
√
2pi)m exp
[−(∑mi=1(ai − a′i)2)/(2σ2)]. The expres-
sion of m-mode CFRD inequality with this probability
measure takes the following form [38]: when m is even
we get,[(
2m/2 cos(mpi4 ) + (−1)
m
2 +12
)2
+ 2m sin2(mpi4 )
]
l2m
≤ 2m
(
l2 + σ2
)m
, (7)
For odd m, it is found to be,[(
2m/2 sin(mpi4 ) + (−1)
m−1
2 +12
)2
+ 2m cos2(mpi4 )
]
l2m
≤ 2m
(
l2 + σ2
)m
.
(8)
For suitable choices of (l, σ) m-mode probability meas-
ure of Eq.(6) violate the corresponding CFRD inequality
[see Fig.2]. And a similar calculation as in the 3-mode
example, shows that the RS uncertainly relation, cal-
culated with single mode product [non-product] joint
distribution, will be violated by the probability measure
Eq.(6) if l2 + σ2 < 1 [l2 + σ2 <
√
1+ c2]. Correspond-
ingly the choices of (l, σ) that violates both the CFRD
inequality and RS uncertainty relation gives the m-mode
post-quantum nonlocal correlations.
So far, we have shown that RS uncertainty relation
plays a crucial role in certifying post-quantumness for
m-mode CV correlations, with m ≥ 3. What will be the
implication of our approach for 2-mode case? We find
that [38] for the 2-mode case, the probability measure (6),
originally considered in [27], yields the CFRD expression
as 2l4 − (l2 + σ2) ≤ 0. In this case the RS uncertainty
relation, calculated with product and non-product single
mode joint distribution, will be satisfied if (l2 + σ2) ≥√
1+ 2l4 and (l2 + σ2) ≥
√
1+ l4 + (l2 + c2)2 respect-
ively. From these expression it is evident that any such
correlation violating CFRD inequality indeed violates RS
uncertainty relation. Therefore the post-quantumness of
those correlations can be asserted from RS uncertainty
relation even without referring to the results of [28].
VI. CONCLUSIONS
Usefulness of Robertson-Schrödinger uncertainty rela-
tion in detecting multi-mode entanglement has already
been demonstrated in [39]. On the other hand, the work
by Oppenheim and Wehner [11] is also quite worthy
to mention in the context of the present work. In the
2− 2− 2 scenario, they have shown that quantum mech-
anics cannot be more nonlocal with measurements that
respect the uncertainty principle in fine-grained form. To
the best of our knowledge, in the continuous outcome
scenario the role of uncertainty principle to certify post-
quantumness has been explored for the very first time
in the present study. Our work also instigates several
interesting questions. Will it be the case that any post-
quantum nonlocal correlation violates some form(s) of
uncertainty principle? Another curious alley to be ex-
plored is to construct genuine nonlocal inequality for
m-mode scenario with continuous outcome, which can
be used to certify the inbuilt genuineness of the cor-
relation presented here. Although our work employs
uncertainty relation and CFRD inequality to detect post-
quantum nonlocal correlation in the continuous outcome
scenario, it is demanding to see whether one could do
the same with some operational task.
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7Appendix A: 3-mode scenario
Calculation of CFRD inequality: Given a probability measure ξ with probability density p the expectation
〈∏k(Xkik )nk 〉 can be calculated according to the following rule:〈
∏
k
(
Xkik
)nk〉
:=
∫
∏
k
(
Akik
)nk
dξ. (A1)
For 3-mode case given probability measure (3) yields:〈(
X1i1
)2 (
X2i2
)2 (
X3i3
)2〉
=
(
l2 + σ2
)3
, ∀i1, i2, i3 = {0, 1}; (A2)〈
X1i1 X
2
i2 X
3
i3
〉
= l3, when i1i2i3 = 0; (A3)〈
X11X
2
1X
3
1
〉
= −l3. (A4)
Finally using the above expressions, the CFRD inequality is calculated as (5).
Calculation of RS uncertainty relation: Denoting position and momentum observable for ith mode as (qˆi, pˆi), the
vector~α for three modes looks:
αˆ =
(
qˆ1, pˆ1, qˆ2, pˆ2, qˆ3, pˆ3
)T ≡ αˆi |i=1,··· ,6 (A5)
The covariance matrix (CM) V is defined as Vij = 12 〈{∆αˆi,∆αˆj}〉, where, ∆αˆi = αˆi − 〈αˆi〉 and {., .} is anti-commutator.
We can find the single-mode and two-mode marginals from (3) by integrating out the appropriate modes and they
turn out to be,
ξ
Ai
Xi
= 12 [Nl,σ +N−l,σ] , ∀i = {1, 2, 3}, Xi = {0, 1}, (A6)
ξ
Ai ,Aj
Xi ,Xj
= 14
[
N(l,l),σ +N(l,−l),σ +N(−l,l),σ +N(−l,−l),σ
]
, ∀ i, j = {1, 2, 3}; i 6= j; Xi, Xj = {0, 1}. (A7)
While calculating terms like 〈qˆi pˆi〉 we require a position-momentum joint probability distribution ξAi
(Xi=0,Xi=1)
for ith
mode. But given ξAiXi=0 and ξ
Ai
Xi=1
the choice of ξAi
(Xi=0,Xi=1)
is not unique. First, we consider (trivial) product choice
ξ
Ai
(Xi=0,Xi=1)
= ξAiXi=0 × ξ
Ai
Xi=1
. In this case 〈qˆi pˆi〉 = 0 and the CM becomes,
Vp =
3⊕
i=1
[
l2 + σ2 0
0 l2 + σ2
]
. (A8)
For a non-product choice 〈qˆi pˆi〉 = c, where c is some real number. In this case CM becomes,
Vnp =
3⊕
i=1
[
l2 + σ2 c
c l2 + σ2
]
. (A9)
A bona-fide CM needs to satisfy RS uncertainty relation V+ iΩ ≥ 0, where Ω = 3⊕
i=1
[
0 1
−1 0
]
. Respectively, for
product and non-product choices the RS uncertainty relation will be violated if
l2 + σ2 < 1, (for product) (A10)
l2 + σ2 <
√
1+ c2 (for non-product). (A11)
By comparing Eqs.(A10)-(A11) it is obvious that the region of (l, σ) violating RS uncertainty relation for product
choice is strictly inscribed by the region of (l, σ) violating RS uncertainty relation for non-product choice.
8Appendix B: m-mode scenario
Calculation of CFRD inequality: For m-mode CFRD inequality was defined in terms of the local observables
{Xk0, Xk1} as, 〈
X˜m
〉2
+
〈
Y˜m
〉2 ≤ 〈 m∏
k=1
((
Xk0
)2
+
(
Xk1
)2)〉
, (B1)
where, X˜m and Y˜m can be obtained from:
X˜m + ιY˜m =
m
∏
k=1
(
Xk0 + ιX
k
1
)
. (B2)
The key point while calculating the m-mode CFRD inequality for correlation (6) is,〈
X1i1 X
2
i2 · · ·Xmim
〉
= lm, if i1i2 · · · im = 0; (B3)〈
X11X
2
1 · · ·Xm1
〉
= −lm; (B4)〈(
X1i1
)2 (
X2i2
)2 · · · (Xmim)2〉 = (l2 + σ2)m , ∀ i1, · · · , im ∈ {0, 1}. (B5)
Thus, the RHS of (B1) is readily seen as,〈
m
∏
k=1
((
Xk0
)2
+
(
Xk1
)2)〉
= 2m
(
l2 + σ2
)m
. (B6)
Calculation of LHS of (B1) requires us to know the number of terms with negative signatures in X˜m and Y˜m which
we define as am and bm respectively. am and bm follow recursion relations which can be specify from the following
expressing,
X˜m + ιY˜m =
m
∏
k=1
(
Xk0 + ιX
k
1
)
,
=
m−1
∏
k=1
(
Xk0 + ιX
k
1
)
(Xm0 + ιX
m
1 ) ,
=
(
X˜m−1 + ιY˜m−1
)
(Xm0 + ιX
m
1 ) ,
=
(
X˜m−1Xm0 − Y˜m−1Xm1
)
+ ι
(
X˜m−1Xm1 + Y˜m−1X
m
0
)
,
⇒ X˜m =
(
X˜m−1Xm0 − Y˜m−1Xm1
)
, & Y˜m =
(
X˜m−1Xm1 + Y˜m−1X
m
0
)
. (B7)
Thus we have the following coupled recursion relations,
am = 2m−2 + am−1 − bm−1, (B8)
bm = am−1 + bm−1. (B9)
Closed form expressions for am and bm turns out to be,
am =
1
2
[
2m−1 − 2m/2 cos(mpi4 )
]
, (B10)
bm =
1
2
[
2m−1 − 2m/2 sin(mpi4 )
]
. (B11)
We also need to know the signature of the term X11X
2
1 · · ·Xm1 as well as whether it is included in X˜m or Y˜m. We notice
that,
(−1)m/2X11X21 · · ·Xm1 ∈ X˜m, if m is even,
(−1)(m−1)/2X11X21 · · ·Xm1 ∈ Y˜m, if m is odd.
9The required expectation values of X˜m and Y˜m thus become:
〈X˜m〉 =
[
2m−1 − 2am + (−1)m2 +12
]
lm,
〈Y˜m〉 =
[
2m−1 − 2bm
]
lm, for even m;
〈X˜m〉 =
[
2m−1 − 2am
]
lm, (B12)
〈Y˜m〉 =
[
2m−1 − 2bm + (−1)m−12 +12
]
lm for odd m. (B13)
Finally the CFRD inequality becomes,[(
2m/2 cos(mpi4 ) + (−1)
m
2 +12
)2
+ 2m sin2(mpi4 )
]
l2m ≤ 2m
(
l2 + σ2
)m
, (for even); (B14)[(
2m/2 sin(mpi4 ) + (−1)
m−1
2 +12
)2
+ 2m cos2(mpi4 )
]
l2m ≤ 2m
(
l2 + σ2
)m
, (for odd). (B15)
Calculation of RS uncertainty relation: As in the 3-mode case, for general m-mode case also we have single-mode
and two-mode marginals of the following forms,
ξ
Ai
Xi
= 12 [Nl,σ +N−l,σ] , ∀i = {1, · · · , m}, Xi = {0, 1}, (B16)
ξ
Ai ,Aj
Xi ,Xj
= 14
[
N(l,l),σ +N(l,−l),σ +N(−l,l),σ +N(−l,−l),σ
]
, ∀ i, j = {1, · · · , m}; i 6= j; Xi, Xj = {0, 1}. (B17)
As in the 3-mode case, the product and non-product choices of single-mode position-momentum joint distribu-
tions give the respective CM matrices: Vp =
⊕m
i=1
[
l2 + σ2 0
0 l2 + σ2
]
and Vnp =
⊕m
i=1
[
l2 + σ2 c
c l2 + σ2
]
. And
consequently the RS uncertainty will be violated if l2 + σ2 < 1 and l2 + σ2 <
√
1+ c2 respectively.
Appendix C: 2-mode scenario
Consider the 2-mode correlation introduced in Ref.[27]:
ξA1A200 = ξ
A0A1
01 = ξ
A0A1
10 =
1
2
[
N(l,l),σ +N(−l,−l),σ
]
,
ξA1A211 =
1
2
[
N(l,−l),σ +N(−l,l),σ
]
.
In this case the CFRD inequality turns out to be: 8l4 ≤ 4(l2 + σ2)2. With product and non-product choices of
single-mode position-momentum joint distribution the CM becomes,
Vp =

l2 + σ2 0 l2 l2
0 l2 + σ2 l2 −l2
l2 l2 l2 + σ2 0
l2 −l2 0 l2 + σ2
 ; Vnp =

l2 + σ2 c l2 l2
c l2 + σ2 l2 −l2
l2 l2 l2 + σ2 c
l2 −l2 c l2 + σ2
 .
Respectively, the RS uncertainty relation will be violated if,
(l2 + σ2) <
√
(1+ 2l4) (for product), (C2)
(l2 + σ2) <
√
1+ l4 + (l2 + c2)2 (for non-product). (C3)
From the expressions of CFRD inequality and RS uncertainty relation it is evident that any (l, σ) that violates CFRD
inequality also violates RS uncertainty relation (both the product and non-product forms) as shown in Fig.3.
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Figure 3. (Color online) Brown region denotes violation of CFRD inequality. Deep and light green regions correspond to violation
of RS uncertainty relation for product and non-product (with c = 1) choices of single mode position-momentum joint distribution.
